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Abstract
The quantum scenario concerning Hawking radiation, gives us a precious clue that a black hole
has its temperature directly connected to its area gravity and that its entropy is proportional
to the horizon area. These results have shown that there exist a deep association between ther-
modynamics and gravity. The recently introduced Barrow formulation of back holes entropy,
influenced by the spacetime geometry, shows the quantum fluctuations effects through Barrow
exponent, ∆, where ∆ = 0 represents the usual spacetime and its maximum value, ∆ = 1, char-
acterizes a fractal spacetime. The quantum fluctuations are responsible for such fractality. Loop
quantum gravity approach provided the logarithmic corrections to the entropy. This correction
arises from quantum and thermal equilibrium fluctuations. In this paper we have analyzed the
nonextensive thermodynamical effects of the quantum fluctuations upon the geometry of a Bar-
row black hole. We discussed the Tsallis’ formulation of this logarithmically corrected Barrow
entropy to construct the equipartition law. Besides, we obtained a master equation that provides
the equipartition law for any value of the Tsallis q-parameter and we analyzed several different
scenarios. After that, the heat capacity were calculated and the thermal stability analysis was
carried out as a function of the main parameters, namely, one of the so-called pre-factors, q and
∆.
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1. INTRODUCTION
The construction of an expression that represents the Bekenstein-Hawking area law
for black hole (BH) entropy from the concept of the quantum geometry formalism [1],
together with an earlier idea, from string theory [2], considering some peculiar cases, have
had an increasing interest concerning the quantum scenarios of BH physics in current
times.
On the other hand, at present times, we are living under the aftermath of the obser-
vations of type Ia supernovae that gave birth to dark energy concept. Hence, both dark
parts of the Universe are, the well known dark matter and the other one, as we men-
tioned, the dark energy [3]. The dark matter is considered a matter without pressure. Its
underlying function is to explain both the galactic rotation curves and the development
of large-scale framework. Considering the second one, which is a negative pressure exotic
energy, it is utilized to portray the current cosmic-accelerated expansion, although it is
not known its origin and nature so far. But in spite of that, there exist several candidates
that carry the concepts about its behavior and composition [4].
Although Barrow BH entropy was constructed as a toy model, there is some theoreti-
cal evidences that support his ideas. In [5], the authors constructed Barrow holographic
energy. They used the standard holographic principle at a cosmological structure and
Barrow entropy, instead of the well known Bekenstein-Hawking one. The authors demon-
strated precisely that Barrow holographic dark energy can depict the Universe thermal
history, with the sequence of matter and dark energy eras [5]. A dark energy EoS parame-
ter was obtained where the ∆-exponent affects this EoS and several dark energy scenarios
were obtained as functions of ∆-value. In another support of Barrow’s ideas, in [6], the
authors analyzed the validity of the generalized second law of thermodynamics using the
Barrow entropy. The sum of the entropy inside the apparent horizon plus the entropy of
the horizon itself is always a non-decreasing function of time. Hence, also concerning Bar-
row’s entropy, the generalized second law is confirmed. As another theoretical evidence,
in [7], the authors discussed modified cosmological scenarios using Barrow entropy, The
Friedmann equations were obtained when ∆ = 0. The new terms obtained constitute an
effective dark energy sector. They lead us to intriguing phenomenological behavior and,
for ∆ = 0, we observe that the ΛCDM concordance model is recovered. Experimentally,
in [8] the authors used observational data from Supernovae (SNIa) Pantheon sample,
together with direct measurements of the Hubble parameter from the cosmic chronome-
ters sample to obtain constraints concerning the scenario of Barrow holographic dark
energy. We strongly believe that, although being a toy model, all these evidences at least
motivates, consistently, that Barrow’s new concept of entropy deserves some profound
investigation.
We have organized the ideas involved in this paper in the following way, in section
2 we have introduced the Barrow BH entropy through some recent results obtained by
us. In section 3 we have analyzed the Barrow BH entropy corrected logarithmically from
the point of view of Tsallis thermostatistics. We obtained a precise master equation that
can provide us with the equipartition law for any q-parameter under different thermal
scenarios. Besides, we computed the temperature, the number of degrees of freedom and
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the heat capacity to discuss the thermal stableness as functions of q and ∆. In section 4
we wrote the conclusions and some final remarks.
2. BARROW BLACK HOLE ENTROPY AND THE EQUIPARTITION LAW:
PREVIOUS RESULTS
Recently, Barrow [9] analyzed the scenario where quantum gravitational effects could
cause some intricate, fractal structure on the BH surface. It changes its actual horizon
area, which in turn leads us to a new BH entropy relation, namely,
SB =
(
A
Ao
)1+∆
2
, (1)
where A is the usual horizon area and Ao the Planck area. The quantum gravitational
perturbation is represented by the new exponent ∆. There are some characteristic values
for ∆. For example, when ∆ = 0 we have the simplest horizon construction. In this case
we obtain the well known Bekenstein-Hawking entropy. On the other hand, when ∆ = 1
we have the so-called maximal deformation.
Throughout this paper we will use the natural constant system where ~ = c = kB = 1.
In the context of the usual BH area entropy law, S = A/4G. We will also assume that the
number N of degrees of freedom (dof) of the horizon satisfy the standard equipartition
law [10]
M =
1
2
NT , (2)
where T is the temperature, M is the BH mass and we assume here that there are no
interaction among the degrees of freedom of a BH.
Our main target will be the Schwarszchild BH entropy, which characterizes the horizon.
Following Barrow deformed entropy, given in Eq. (1) for BH’s [11] it is given by
SB =
(
A
4G
)1+∆
2
, (3)
where G is the gravitation constant, 4G is the Planck area and A is the standard horizon
area. In BH physics, the area A of the horizon can be associated with the source mass M
through the relation
A = 16piG2M2 . (4)
In [12, 13], we substituted the area in Eq. (4) into Eq. (3) and we had that
SB =
(
16piG2M2
4G
)1+∆
2
=⇒ SB =
(
4piG
)1+∆
2
M2+∆ . (5)
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The temperature is given by
1
T
=
∂S(M)
∂M
, (6)
where the expressions representing both BH entropy and temperature have a kind of
universality, since both the horizon area and surface gravity are both completely geometric
quantities, determined by the space-time geometry [14]. Using Eq. (6)
T =
1(
2 + ∆
)(
4piG
)1+∆
2
M1+∆
. (7)
We will use that the number of dof, N , in the horizon can be obtained by [15]
N = 4S , (8)
where S is the specific entropy that describes the horizon. Hence, using Eqs. (6) and (8)
we have that
N = 4
(
4piG
)∆
2
+1
M∆+2 , (9)
but, substituting this result into Eq. (7), and solving the resulting equation for M , we
have that
M =
1
2
(
1 +
∆
2
)
N T , (10)
which corresponds to the horizon energy in Barrow’s entropic formulation. From the last
equation, if we make ∆ = 0, we recover the Bekenstein-Hawking equipartition law.
At this point, it is important to clarify what we are doing here exactly. It is easy to
understand that, for each entropy formulation we have two main quantities, namely, the
number of dof and the equipartition law. This last one is the energy of the event horizon.
The standard entropy is the Bekenstein-Hawking one. Hence, we know that, for N = 4S
dof we have that M = 1/2NT . So, for other formulations we have to change one of these
two quantities. Let us explain better by taking Barrow entropy for example. It can be
shown [16] that its number of dof is N = 2(2 + ∆)SBarrow. However, if we calculate the
respective temperature, the final result is that M = 1/2NT , independent of ∆, and we
have the same final result for any dof expression relative to a certain entropy. But, on the
other hand, if we keep the same number of dof relative to Bekenstein-Hawking entropy, of
course we will have a new expression for the equipartition law. And it is exactly what we
are doing here, we are following this second path. Namely, we will find a new equipartition
law for each entropy formulation. In other words, considering the same number of dof
for Bekenstein-Hawking entropy, we will have different event horizon energies. In one of
our previous works [17] we have obtained different horizon energies relative to different
entropy formulations.
3. BARROW NONEXTENSIVECORRECTED-ENTROPYAND THERMODY-
NAMICS ANALYSIS
The Bekenstein-Hawking entropy has an underlying roˆle in holographic dark energy
(HDE) model, where SBH = A/(4G) and it is used at the horizon [18], as we said before.
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As a matter of fact, A ∼ L2 is the horizon’s area. Since the HDE model is connected to
the area law of entropy, we have that a small adjustment to the area law of entropy will
change the HDE model energy density. One correction concerning the area law of entropy
is the logarithmic correction [19] given by
SBH =
A
4G
+ α˜ ln
A
4G
+ β˜ , (11)
where α˜ and β˜ are dimensionless constant pre-factors and their values are still being
discussed and not yet confirmed even within LQG [20]. Several formulations concerning
BH entropy provided the logarithmic correction yielding α˜ = −1/2 or −3/2 as standard
values for this coefficient [21]. However, there is no such agreement about regarding the
way one might fix the value of the logarithmic pre-factor α˜, e.g., with β˜ = 0, because
it seems to be a strongly model dependent parameter [22]. The correction terms have
an important and underlying function in both the late-time acceleration and early-time
inflation of the Universe [23]. It is easy to see that, for α˜ = β˜ = 0 we have Bekenstein-
Hawking entropy.
As we said before, ∆ represents the quantum fluctuations and the fractal feature of
spacetime, which are motivated by LQG [9]. At the same time, we know that the intro-
duction of quantum effects, motivated by LQG, caused by both thermal equilibrium and
quantum fluctuations, conduct us to the curvature correction in Einstein’s action known
as the logarithmic entropy-correction described above in Eq. (11). Hence, we see that it is
completely adequate to carry out the logarithmic correction concerning Barrow’s entropy
since both are connected by LQG fractal and quantum features.
3.1. Tsallis thermostatistics
In [24] the authors analyzed the nonextensive generalization of the Bekenstein-Hawking
entropy. Hence, we will explore from now on the nonextensive generalization of the
logarithmic-correction of both Bekenstein-Hawking and Barrow entropy. In this nonex-
tensive way, the expression introducing the q-logarithm for Bekenstein-Hawking entropy
is given by
Sq =
A
4G
+ α˜ lnq
A
4G
+ β˜ , (12)
where [24, 25]
lnq x =
x1−q − 1
1− q
, (13)
and q is the Tsallis parameter, which measures the nonextensivity, or extensivity, level of
any specific system. Hence, substituting Eqs. (4) and (13) into Eq. (12) we have that
Sq = 4piGM
2 +
α˜(4piG)1−q
1− q
M2−2q −
α˜
1− q
+ β˜ . (14)
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Using Eq. (6) to calculate the temperature with Eq. (14), it can be written as
T =
1
8piGM + 2α˜(4piG)1−qM1−2q
(15)
The number of dof is
N = 4
[
4piGM2 +
α˜(4piG)1−q
1− q
M2−2q −
α˜
1− q
+ β˜
]
. (16)
Now, let us analyze the Barrow nonextensive corrected-entropy, but we will be back
to this Bekenstein-Hawking corrected-entropy expression in a moment. Remember that
Bekenstein-Hawking entropy is Barrow one with ∆ = 0. Using again Eq. (4), the Tsallis
logarithmically corrected entropy is
Sq =
(
A
4G
)1+∆
2
+ α˜ lnq
(
A
4G
)1+∆
2
+ β˜
=
(
4piG
)1+∆
2
M2+∆ + α˜
2
lnq M + β˜2 , (17)
where α˜
2
= 2α˜
1
, β˜
2
= β˜ + α˜
1
lnq(4piG), α˜1 = α˜
(
1 + ∆
2
)
and substituting Eq. (13) into
Eq. (17) we have that
Sq =
(
4piG
)1+∆
2
M2+∆ + α˜
2
M1−q − 1
1− q
+ β˜
2
, (18)
and from Eq. (6), the temperature is given by
Tq =
1(
4piG
)1+∆
2
(
2 + ∆
)
M 1+∆ + α˜
2
M−q
. (19)
Using again Eq. (16) to compute the number of dof, we can rewrite this equation such
that
N
4
+ β˜
3
=
(
4piG
)1+∆
2
M2+∆ + α˜
3
M1−q , (20)
where α˜
3
= α˜
2
/(1 − q) and β˜
3
= α˜
3
− β˜
2
. Eq. (19) will be also conveniently rewritten
such that
M
Tq
=
(
4piG
)1+∆
2
(
2 + ∆
)
M2+∆ + α˜
2
M1−q . (21)
After some algebra combining Eqs. (20) and (21) we have a kind of master differential
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equation,
M q
(2 + ∆)Tq
−
(N
4
+ β˜
3
)
M q−1 + α˜
3
− α˜
2
= 0
=⇒
M q
(2 + ∆)Tq
−
{
N
4
+
[
2
1− q
− lnq(4piG)
](
1 +
∆
2
)
− β˜
}
M q−1 +
2qα˜
1− q
(
1 +
∆
2
)
= 0,
(22)
which can be understood as a master equation that can give us, as its solution, the form
of the equipartition law, considering both Barrow entropy and Tsallis nonextensivity, for
any q-parameter. For example, if we substitute the limit q → 1 and that α˜ = β˜ = ∆ = 0,
into Eq. (22) we have that M = 1/2NT as it should be, namely, the Bekenstein-Hawking
entropy. For α˜ = β˜ = 0, i.e., neglecting the logarithmic correction we have that
M q
(2 + ∆)T
−
{
N
4
+
[
2
1− q
− lnq(4piG)
](
1 +
∆
2
)}
M q−1 = 0 (23)
=⇒ M =
{
N
4
+
[
2
1− q
− lnq(4piG)
](
1 +
∆
2
)}(
1 + ∆
)
T (24)
For ∆ = 0, we have the Bekenstein-Hawking nonextensive corrected-entropy, that can
be written as
M q
2T
−
[
N
4
+ α˜
(
2
1− q
− lnq 4piG
)
− β˜
]
M q−1 +
2α˜q
1− q
= 0 . (25)
which is the nonextensivity expression for the logarithmically corrected Bekenstein-
Hawking entropy.
From the master equation in Eq. (25) we see directly that for q ∈ R and q 6= (1, 2), we
have to use numerical approaches to solve the master equation. For α˜ = β˜ = 0, namely,
no logarithmic correction, we have that, for any q that
M q−1
[M
2T
−
N
4
]
= 0 =⇒ M =
1
2
NT , (26)
which is an interesting result. We can say that the nonextensive version of Bekenstein-
Hawking entropy is connected to the standard expression of the equipartition law indepen-
dent of the value of q-parameter, when α˜ = β˜ = 0. Although for the Bekenstein-Hawking
corrected-entropy we have a strong dependence of q to obtain the “perturbed” equiparti-
tion law expression.
Back to Eq. (22) for q = 2 we have that
Mq=2 =
(2 + ∆)T
2
[
N
4
+ β˜
3
±
√(
N
4
+ β˜
3
)2
− 4
(
2 + ∆
)(
α˜
3
− α˜
2
)
T
]
, (27)
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and for ∆ = 0 we can write that
M∆=0q=2 = T
[
N
4
+ β˜
4
±
√(
N
4
+ β˜
4
)2
+ 32 α˜
]
, (28)
where β˜
4
= β˜
3,∆=0
= − α˜
[
1 + ln
q=2
(
4piG
)]
. And, as expected for the positive root,
M = 1/2NT when α˜ = β˜ = ∆ = 0. In Eq. (22), for α˜ = β˜ = 0, we have that, for any
q-parameter, that
M =
1
2
(
1 +
∆
2
)
NT , (29)
which is Barrow equipartition theorem, obtained in [12]. Notice that Eq. (29) was ob-
tained for any value of q.
The next step on our thermodynamics analysis is to compute the heat capacity,
C = −
[
S ′(M)
]2
S ′′(M)
, (30)
and to provide a thermodynamical analysis of the result, substituting Eq. (18) in Eq.
(30) we have that
Cq =
[(
4piG
)1+∆
2
(
2 + ∆
)
M1+∆ + α˜
2
M−q
]2
(
4piG
)1+∆
2
(
2 + ∆
)(
1 + ∆
)
M∆ − α˜
2
qM−1−q
, (31)
and for thermodynamical stability
α˜ >
(
4piG
)1+∆
2
(
1 + ∆
)
M1+q+∆
q
. (32)
and when q = 1 in Eq. (32) we have the same result as in [12].
4. CONCLUSIONS AND LAST WORDS
Barrow’s toy model for BH entropy comes from the fact that the BH area can be
perturbed by the quantum gravitational effects. Namely, we could expect that quan-
tum fluctuations from space-time can cause a modification of the topology of space-time
at the Planck scale. The result would be a foam-like framework called the space-time
foam. Hence, considering Barrow’s formulation, we can measure its deviation from the
Bekenstein-Hawking entropy through a new exponent ∆, where ∆ = 0 means Bekenstein-
Hawking entropy, and ∆ = 1 means the most intricate case. We can see clearly that
considering the standard Barrow entropy expression, when the fractal effect factor ∆ is
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zeroed, i.e., when it is withdrawn from the expression in Eq. (10), we obtain the standard
equipartition theorem, which is a classical expression.
In this work we analyzed the Tsallis nonextensive version of the logarithmically cor-
rected Barrow entropy. The objective is to obtain the respective modified equipartition
law for the characteristic entropy. The equipartition law corresponds to the horizon energy
of barrow BH.
To sum up the results obtained here, we obtained in Eq. (22) a master equation
with all the parameters of the model, i.e., q, ∆, α˜ and β˜. This master equation is the
source of the equipartition law expressions for any value of q. After that, in Eq. (23),
we computed the master equation without the logarithmically correction, namely, the
nonextensive equation for Barrow entropy. This α˜ = β˜ = 0 equation has the Barrow-
Tsallis equipartition law as the solution and it is shown in Eq. (24). In Eq. (25), we
kept the logarithmic correction but now ∆ = 0, which means that Eq. (25) is the master
equation for the nonextensive logarithmic correction of Bekenstein-Hawking entropy. Its
solution, i.e., the energy of the Bekestein-Hawking BH horizon, is given in Eq. (26). It is
a function of the q-parameter, of course.
As an example of an analytic exact solution of Eq. (22), we presented the solution for
q = 2 in Eq. (27). And its ∆ = 0, Bekenstein-Hawking version in Eq. (28). For any other
value of q different from q = 1 and q = 2, the complete equation needs numerical compu-
tation. Of course the master equation allows the construction of any q ∈ R equipartition
law, but again, numerical computation is mandatory.
Back to Eq. (22), the complete master equation, eliminating the logarithmic correction,
i.e., α˜ = β˜ = 0, it makes the equation to be solved and hence, we obtained the Barrow
equipartition law, in Eq. (29), which reproduced the result obtained in [12]. The curious
fact is that Barrow equipartiion law is obtained regardless the value of q, as demonstrated
in the algebraic work from Eq. (22) to obtain Eq. (29).
After all that, to verify the thermodynamical stableness of the model, we have calcu-
lated the heat capacity of the system, which must be a positive quantity. We have analyzed
the positivity condition based upon the value of the α˜-parameter, since any derivative of
the entropy make the constant β˜-parameter disappear. We obtained the conditions on α˜,
which confirms that the value of this pre-factor is dependent of the model.
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